We introduce a new method for the computation of the transition moments between the excited electronic states based on the expectation value formalism of the coupled cluster theory [B. Jeziorski and R. Moszynski, Int. J. Quant. Chem. 48, 161 (1993)].
The working expressions of the new method solely employ the coupled cluster amplitudes. In the approximation adopted in the present paper the cluster expansion is limited to single, double, and linear triple excitations. The computed dipole transition probabilities for the singlet-singlet and triplet-triplet transitions in alkali earth atoms agree well with the available theoretical and experimental data. In contrast to the existing coupled cluster response theory, the matrix elements obtained by using our approach satisfy the Hermitian symmetry even if the excitations in the cluster operator are truncated. As a part of the numerical evidence for the new method, we report calculations of the transition moments between the excited triplet states which have not yet been reported in the literature within the coupled cluster theory.
Slater-type basis sets constructed according to the correlation-consistency principle are used in our calculations. a) Electronic mail: tuchol@tiger.chem.uw.edu.pl
I. INTRODUCTION
Response of a system to external perturbations is described by linear, quadratic, and higher-order response functions. [1] [2] [3] Many physical observables such as transition probabilities, dynamic polarizabilities, hyperpolarizabilities, and lifetimes are defined through the response functions or can be derived from the response functions. Until recently, properties of the excited electronic states were not easily available in high-resolution experiments, but with the advances of new spectroscopic techniques in the hot pipe [4] [5] [6] [7] and ultracold experiments, [8] [9] [10] [11] [12] more and more accurate experimental data become available and possibly need theoretical interpretation. Theoretical information about the transition moments between the excited states is also necessary to propose new routes to obtain molecules in the ground rovibrational state (see, e.g., Ref. 13 ). Last but not least, excited states properties define the asymptotics of the excited state interaction potentials, 14 and play an unexpectedly important role in the dynamics of nuclear motions in the presence of external fields.
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The properties of the excited states, e.g., polarizabilities, transition strengths, and lifetimes can be obtained from limited multiconfiguration interaction theory, but this approach inherently suffers from the size inconsistency problem. Applying the size consistent coupled cluster (CC) formalism to the response function opens up a possibility of an accurate description of molecular properties with an affordable computational cost for medium size molecules. In the 1990s Jørgensen and collaborators formulated the CC response theory, 16, 17 based on the coupled cluster generalization of the Hellmann-Feynman theorem where the average value is replaced by a transition expectation value with respect to the coupled cluster state. However, in this theory the necessary Hermiticity condition required from the transition moments is not satisfied, and in some cases this leads to unphysical numerical results.
In the present study we focus on the molecular properties that can be obtained from 
where T Y 0L and T Z M 0 are transition moments between the ground and excited sates, and ω K is the excitation energy of the state K. The transition moments are necessary to compute the transition probabilities
where 0 is the vacuum permittivity, λ is the wavelength, h is the Planck constant, and the transition strength S LM is defined as
The lifetime 18 of a state L is defined as
There exists two coupled cluster approaches for the computation of the transition moments between the ground and excited states, the linear response coupled cluster theory (LRCC) of Koch et al. 16, 17, 19, 20 and the coupled cluster expectation value formulation of the linear response function (XCC) of Tucholska et al. 21 As already stated above, for the transition moments between the excited states, the only available approach is based on the quadratic response coupled cluster (QRCC) theory of Koch et al. 16, 17, 19, 20 In the present work we generalize the approach of Refs. 22 and 21 to the calculation of transition properties between the excited states. The transition moments, T X LM , where L and M denote the singlet or triplet excited states, are extracted from the response function to compute lifetimes and transition probabilities.
In the exact theory, the transition moments are Hermitian
but this relation is violated by the existing QRCC method, in some cases to a large degree, when the cluster operator is truncated at some excitation level. In extreme cases this leads to non-physical, negative transition strengths which will be discussed in detail in the . In section IV we conclude our paper.
II. THEORY

A. Basic definitions
In the CC theory the ground state wave function Ψ 0 is represented by the exponential Ansatz Ψ 0 = e T Φ, where the cluster operator T is given by the sum of n-tuple excitation T is truncated to make the CC calculation computationally feasible.
The expectation value of an observable X in the XCC theory is given by the explicitly connected, size-consistent expression introduced by Jeziorski and Moszynski
The auxiliary operator S is defined as
and S n is expressed as
where
and [A, B] k is a k-tuply nested commutator. The superoperatorP n (X) yields the n-tuple
where for simplicity we introduce the following notation A|B = AΦ|BΦ
The formula for S is a finite expansion, though it contains terms of high order in the fluctuation potential. 24 To find the exact S operator one requires an iterative procedure.
However, S can efficiently be approximated while retaining the size-consistency. In our previous work, 21 we presented a hierarchy of approximations and assessed their accuracy.
Let S n (m) denote the n-electron part of S, where all available contributions up to the order m in the fluctuation potential are accounted for. In the computations based on the CC3 model (single, double, and linear triple excitations), we employ
where the CC3 equations for T 1 , T 2 and T 3 are given by Koch et al. 25 In the instances where the underlying model of the wave function is CCSD, we employ S = S 1 (3) + S 2 (3) neglecting the terms including T 3 .
The exact quadratic response function can be written as the sum over states
where K and N run over all possible excitations, and |Ψ 0 is the ground state. The action of the permutation operator P XY Z yields six distinct contributions to X; Y, Z ω Y ,ω Z with the indices X, Y , and Z being interchanged.
B. XCC transition moments
The exact transition moment between the excited states L and M can be identified from the double residue of the quadratic response function
To obtain T X LM we express X; Y, Z ω Y ,ω Z by using the XCC formalism and take the limit of Eq. (15).
Let us introduce the coupled cluster parametrization of the quadratic response function.
Using the fact that the first order wave function Ψ
(1) (ω) is expressible through the resolvent
the expression for the quadratic response function, Eq. (14), can be reformulated as follows
where X 0 = X − X and X = Ψ 0 |X|Ψ 0 . The normalized ground state wave function in the coupled cluster parametrization is given by
The CC first order wave function Ψ (1) (ω) is given by the operator Ω(ω) acting on the normalized ground state,
We choose Ω 0 = − Ψ 0 Ω(ω)Ψ 0 to ensure the orthogonality of Ψ (1) to Ψ 0 . The excitation operator Ω(ω) is the solution of the linear response equation 22, 26 µ
Let us define
By inserting Eq. (20) into Eq. (22) we arrive at
where Ω V (ω V ) is solution of Eq. (21) with X = V and ω = ω V . Further algebraic manipulations are carried out by using the following identities
so that the final expression for α(X; Y, Z) in the XCC formulation reads
We express the excitation operator Ω(ω) in the basis of the right eigenvectors of the Jacobian matrix
where the CC Jacobian matrix is defined as
and
For the single and double excitation manifold we use the biorthonormal basis proposed by
Helgaker, Jørgensen, and Olsen, 27 and for the triply excited manifold we employ the basis proposed by Tucholska et al. 21 We obtain the coefficients O 
Therefore, by using the eigenvectors and eigenvalues of the CC Jacobian one can express
Finally, the double residue from the quadratic response function is given by
In order to gain access to the individual transition moment T 
which in the exact case is equal to |T Y 0L | 2 . This quantity is then used to extract T X LM from the double residue of the quadratic response function
The ± sign results from taking the square root of |T 
Note that our formula for T X LM is expressible solely in terms of commutators. Therefore, it is automatically size-consistent no matter the level of truncation of the T and S operators.
Alternatively, one can use the identities (24) - (27) to obtain the following expression for T X LM :
It is easy to notice that as long as
the Hermiticity relation T operator, and the exact S operator. This follows from the fact that in the derivation of the expression for T X LM we used the definition from Eq. (9) which is valid only for the exact S operator. 24 Thus, the Hermiticity relation does not hold for an approximate S operator.
However, the deviations from the exact symmetry are very small (see section III D).
C. Approximations
In order to obtain computationally tractable expressions for the transition moments we employ the approximate S operator defined by Eq. (13) and approximate coupled cluster amplitudes of the CCSD/CC3 theory. We must note that in practice one additional approximation is required to evaluate Eq. (38) . We gather the terms in the commutator expansion into groups according to their leading-order in the many-body perturbation theory (MBPT).
We ignore all terms which computational cost is higher than N 7 , with N being a measure of the system size. Including the terms accurate through the third-order in MBPT is sufficient to converge the transition strengths almost to the numerical limit, see Fig. (1) . Therefore, throughout this work, we employ the third order approximation.
III. NUMERICAL RESULTS
A. Basis sets
Slater-type orbitals (STOs) used in this work were constructed according to the correlationconsistency principle, 28 similarly as by Lesiuk et al. 29 for the beryllium atom. The only difference in the procedure is that the exponents ζ were chosen according to the well-
, where n is the number of basis set functions for a given angular momentum, l. After some numerical experimentation, the value of δ l was set equal to zero for l > 2. A detailed composition of the STOs basis sets is available from the authors upon request.
In Table I we demonstrate how the underlying coupled cluster approximation (CCSD/CC3) and the basis set (Gaussian/Slater) affect the calculated excitation energies for the magnesium atom. While including the connected triple amplitudes is important, the use of the Slater-type orbitals (STOs) yields a dramatic improvement in the accuracy of the excited states energies TABLE I: Singlet and triplet energy levels (cm −1 ) of the magnesium atom computed using Gaussian (G) and Slater (S) basis sets. 
B. Comparison with the QRCC theory
Let us compare our results with the QRCC results obtained with the Dalton program package. 34 Although both methods originate from the coupled cluster theory, their working expressions are different and in general, they are not expected to give identical results.
We computed the first few singlet-singlet transition moments for the Mg atom with both methods. The results are given in Table II . One can see a relatively good agreement between the two methods.
It is clear from Table II Non-physical value. For details see section III D.
C. Comparison with the available theoretical and experimental data
In Table III we present a comparison of our computed transition strengths with other theoretical approaches, the relativistic multiconfigurational Hartree Fock approximation (Tables IV and V) . For the singlet states, we find an excellent agreement with the most recent experimental data, 38 but not with the older experiment of Schaefer.
39
Our results are consistent with the lifetimes computed by Froese 35 and Chang, 36 but they are in a significant disagreement with the semi-empirical values of Zheng.
37
All the computed lifetimes for the triplet states of Mg agree well with the existing experimental and theoretical results (Table V) Therefore, no comparison with the QRCC method is possible.
In Table VI we present transition probabilities for the Sr atom. For the singlet states we note a good agreement with the Werij 50 results. For the 5s5p 
D. Possible Hermiticity violation and its consequences
The exact transition moment T X LM is Hermitian, i.e., it satisfies the relation given by Eq. (5). This implies that the transition strength S X LM , Eq. (3), cannot be negative. This condition is not satisfied in the QRCC theory as well as in the approximate XCC theory.
However, in the XCC theory this violation of the Hermiticity originates solely from the truncation of the S operator, while in the QRCC method it has a more fundamental origin.
Therefore, the lack of the Hermiticity is expected to be a fairly minor issue in our method, by contrast to the QRCC theory.
For the purpose of this study we investigate some problematic transitions in the Mg atom and Mg 2 molecule which have been encountered beforehand. 6 We found that the transitions strengths for the 3 d Table VII we present the differences between T X LM and (T X M L ) computed with the QRCC and XCC theories. In QRCC these differences are significant, especially in situations where one is positive and the other is negative. Although in the XCC method the Hermiticity is also violated, we do not observe such strong deviations. (
Transition strengths for Mg 2 computed with XCCSD(G) and QRCCSD(G) method for R = 7-9 a.u.
exhibits problems at small distances where we obtained negative transition strengths that by definition (3) should always be positive. In Fig. (4) we see a pole-like structure which is clearly an artifact, as no such structure should be observed for the transition strengths.
By contrast, no such difficulties were found in the XCCSD(G) theory, see Fig. (5) . This suggests that the adopted truncation scheme for the S operator has a negligible impact on the behavior of the XCC transition moments.
IV. CONCLUSIONS
We have presented a novel coupled cluster approach to the computation of the transition moments between the excited electronic states. In contrast to the existing CC approaches, In trouble-free situations, i.e., when the existing QRCC approach satisfies the Hermiticity relation to a good approximation, both methods yield transition moments of a similar quality. However, in certain cases the QRCC method violates the Hermiticity relation to an unacceptable degree and gives unphysical values of the transition strengths. The XCC method does not suffer from this problem. Clearly, this can be viewed as an important improvement over the existing QRCC approach.
We have presented numerical examples for several singlet-singlet and triplet-triplet dipole transitions in the Mg and Sr atoms, and the Mg 2 molecule. Lifetimes derived from the transition moments computed with our method are, in most cases, very close to the available experimental data and to other theoretical results. We have assessed the performance of our method in the STOs basis set and obtained results of significantly better quality than with the available Gaussian basis sets. In certain cases, the use of STOs basis set was the game-changer.
In two the forthcoming papers we will consider calculations of the radial and angular nonadiabatic coupling matrix elements and of the spin-orbit coupling matrix elements between the excited states within the XCC theory. Both works are in preparation.
The code for transition moments between the excited states will be incorporated in the KOŁOS: A general purpose ab initio program for the electronic structure calculation with Slater orbitals, Slater geminals, and Kołos-Wolniewicz functions.
